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RODUCTION

n this paper we investigate the zeros of the Laplace transform of a

e U, i.e. the function

£(z) = J e"Zan(z),
r
I'c € is a Jordan arc and u is a complex measure on I'. Under certain
ic conditions upon I' and yu, we find an upper bound for the number of
of £ in a disk around the origin. The resulting theorem and the method
proof are best understood by following the order of the paper.

n Section 2 we define the angle of the complex numbers a,b as

|arg(b/a)| if ab # 0 p
A(a,b) = Ln if ab =0, a # b,
if a=Db =0 .

ine the angular variation of a sequence {xl,x ,...,xn} of complex

2
s as

A(Xl'x2’°'°’xn) = A(xl,xz) + A(X2,X3) + ... + A(Xn—l’xn)'
wve that the angular variation of a sequence is never inferior to the
Y variation of the sequence of its partial sums.

n Section 3 we apply the results of the previous section to derive,

uction, a thecrem on the moduli of the last terms of sequences that

tained by iterated partial summation of a given sequence.

'his result is then applied, in Sections 4 and 5, to power sums
N
s(k) = ) C,u

Cl""'cn and wl,...,w are given ccmplex numbers. Under the condition

N

) < &Lm,

A(wl—w2,w2—w3,...,wN_l—wN,wN




re derive constants n and u(t,k) such that for t = 1,2

147 0o

n
[s(n+t) | £ J u(t,k)[s(k)].
k=0

By limit transition, we apply this last result in Section 6 to the
unctions (1.1). Let P = {xl,xz,...,xm} be a partition of T'. We define Fk
S the section of T between xk_1 and X and set

p =p(T) = supPA(xl—xz,xz—x3,...,xm_l—xm),
V(T,Ll) = supPA(u(T'l) 1---1“(Pm))r

A = A(T) = length of T = supP(lxl—x + .00+ |x

m—l_xm!)’

5l
he suprema being taken over all partitions P of T'. Under the conditions
hat p(T') < %7m and V(I',u) < » we arrive at an estimate for the Taylor coef-
icients of f.

By standard techniques (see e.g. TIJDEMAN [1]) we then derive the fol-
owing upper bound for the number NT(f) of zeros of £ in a disk around the

rigin with radius T:

1.2) NT(f) < 3n + 4T)A,

V(Ir,p) - 5m

here n is the upper integer part of —g--- o(T)

. ANGULAR VARIATION
A nonzero complex number ¢ can be represented uniquely as

c = T #0, -m< ¢ <,

or such a ¢ = rel¢, we define Argg := ¢. Let a,b € €. Then we define their

ngle A(a,b) by




|arg(b/a)| if ab # 0 '
A(a,b) = L if ab = 0, a # b,
ifa=b=20 .

Note that A(a,b) is a kind of distance function, satisfying

A(a,b) = A(b,a); A(a,a) = 0; Aa(a,b)+Aa(b,c) = A(a,c).
We also have

A(ac,bc) = A(a,b) if ¢ # 0; A(ac,bd) £ A(a,b) +A(c,d).
LEMMA 2.1. For a,b € €

A(a,b) = A(a,at+b) + A(atb,;b).

PROOF. If a or b = 0, the proof follows immediately. The desired equatic
is symmetric in a and b, so we may assume without loss of generality the

Arg(b/a) =z 0. For x,y € IR such that x2+-y2 # 0,

y/x
1

|Arg(x+iy) | = ‘ [ 5 dti
1+t

decreases with increasing x if y is constant. Hence, since Im(b/a) 2 O,

b b
< - < -
0 £ Arg(1 + a) < Arg(a):
SO

b+
a

Arg(g) = Arg( %) + Arg(g%%;y,

proving the lemma. [

LEMMA 2.2. Let a,b € €, such that lal > |bl. Then

A(a,b-a) > Lm.




ROOF. Since |bl < lal,

b b b
g = Zy - < |12 -
Re(;-1) = Re(3) - 1 Ial 1 <0,
o
b
A(a,b-a) = lArg(a— 1) > L.
For a sequence S = {xl,xz,...,xn} of complex numbers we define its

ngular variation

n-1
A(S) = A(x Xy ..opX ) = k£1 Alx %, ).

'e have trivially

2.1) A(xlyl,x2y2,...,xnyn) < A(xl,...,xn) + A(yl,...,yn).

'HEOREM 2.3. Let S = {Xl’x2""'xn} be a sequence of complex numbers and

et T be the sequence of its partial sums xl,x1+x2,...

JX 4R oo .+x .
n

172
'hen

A(T) < A(S) - A(X1+X2+"'+Xn'xn)'

'ROOF. We apply induction on n. If n = 1, there is nothing to prove, so

et n > 1. Let S' and T' be the sequences obtained from S and T respectiv-

ly by deleting their last term. By the induction hypothesis

A(T) A(T") + A(x1+...+x +...+xn) <

n-1"%1

< A(S') - A(x1+...+xn_1,xn_1) + A(x1+...+xn_1,x1+...+xn) =
= A(S) - A(xn—l’xn) - A(xl+...+xn_1,xn_1) + A(x1+...+xn_1,x1+...+xn)
< A(S) - A(x1+...+xn_1,xn) + A(x1+...}xn_1,x1+...+xn) =

A(S) - A(x1+x +...+xn,xn),

2

<



vlying Lemma 2.1 with a = x14-...+-xn_1, b= X - This proves our
m. [ ‘

» FUNDAMENTAIL THEOREM

™M 3.1. For 'k =1,2,... and §j = 1,2,...,N, let £ . and Cj be complex

14

=

J
1,2,...,N,

‘s and denote Mk = max f. .. Define for m
- k,3
3=1,...,N
m
so(m) = z C..,
j=1
m .
sk(m) = jzl fk,jsk—l(J)’ k=1,2,...

iy n 2 0 such that

n
< L _
A(Cl,...,CN) < 5(n+l)m z A(fk,l""'fk,N)’
k=1
re for t = 1,2,...
| o | < 31 n+t-k—-1\/N+n+t-k-1 "
Sn+t T ko n-k n+t-k ntts s Mepp s 1L
, We write
p"k—l N+p—k—,1 if p > n, 0 <k < n,
n-k p-k
un(p,k,N) = 1 if0<p=k=<n '
0 otherwise

> shall prove by induction on N and p that - under the Condition

. n
lsp(N)l < kzo un(p,k,N)Mp...Mk+1lsk(N>l.

[f N=1or if p £ n, then (3.3) is trivial. So let N > 1, p > n.
7e

lsp(N)l B IsP<N—1) + f

P’Nsp_l(N)l < lsp(N-1)| + Mplsp_l(N)l.




)y the induction hypothesis on p

)

'3.4) s . ()] <
p-1 k=0

un(p—l,k,n)Mp_l...Mk+1lsk(N)l-
Now suppose that ISO(N)I 2 ISO(N—l)l. Since (3.1) also holds :
>lace N by N-1, we have by the induction hypothesis on N
n

) ek N-DM L by (-1 ] <
k=0

IA

N-1
lsp( )|

IA

n
kzl un(p,k,N—l)Mp...Mk+1Isk(N—l)l +

+ un(p,O,N—l)Mp...Mllso(N)I.

If ISO(N)I < |s.(N-1)|, then by Lemma 2.2

0

A(sy(N-1),5,(N) - s,(N-1)) = A(s,(N-1),Cp) > L.
lence by Theorem 2.3

A(so(l),...,s (N-1)) = A(Cl""'CN— ) - A(SO(N—l),CN_ )

0 1 1

3.5) = A(cl""'CN) - A(CN—l'CN) - A(sO(N—l),CN_l)

< A(Cl""’CN) - L.

‘orm=1,2,...,N-1, set

Il o~—m8

m
D, = £y Solmi tym) = R Dyi f(m) = j£1 1,5t

hen by (2.1) and (3.5), applying (3.1),

)

A(Dgs---/D g rEy g

N—l) < A(Cll---lCN) i‘%ﬂ + A(f

n
< dnm - ) ).

A(f oot
N ( k,1’ ’

D) k,N




So the conditions of the theorem apply to the tk(m)'s, with n replaced

by n-1 and N by N-1. By the induction hypothesis on N we thus have

n-1
le ,(N-1)] < )
p-1 ke

lsp(N—l)I un_l(p—l,k,N-l)Mp...Mk+21tk(N—1)I=

0

n

Il
o~

L un(p,k,N—l)Mp...Mk+1|sk(N—1)|.

So either way we have

|ls (N-1)] <
P

I o~>8

un(p,k,N~1)Mp...Mk+1|sk(N—1)[ +

k=1

+ un(p,O,N—l)Mp...Mllso(N)l.

Since for k 2 1

Is, =) | < Is, )] + 1 s _ (M),
we find
n
lsp(N-1>l < kzo (u_(p/k,N-1) + un<p,k+1,N—1>)Mp...Mk+llsk(N>l.

Hence, by (3.4),

n
Z (u_(p=1),k,N) + u_(p,k,N-1) + un(p,k+1,N—1))Mp...

Is_ (N)| <
p 0
...Mk+1|sk(N)|.

k

An easy calculation shows that

Un(P‘lyk,N) + un(PlklN_l)) + un(PIk+llN—1) = un(PrklN)- D

4. POWER SUMS

s W

THEOREM 4.1. Let wl,w N

oreee and Cl""’CN be given complex numbers. We

define inductively




R m
s_ (m) = Z C
>0 oy K
m
sp(m) = J s, (k) (e ) (2> 1),
k=1
‘here
wN+j :=0 if j > 0.
'hen
m
Sy (m) = k£1 C (O 0pyq) = (ogmwp o)

'ROOF. We apply induction on 2. The theorem is trivial for & = 0. If & > O,
hen by the induction hypothesis

m k
spm = L () LGy lupmuy )ty o ) =
k=1 A=1
m m
= Loy Ly ) gy o) (g o g) (-t o)

A=1 " k=2

't is thus sufficient to prove that
m

4-1) kEA (0 =Wy g oo e (030 g g) (00 0) = {0y g) e (0 m0p )

'his we prove by induction on m. If m = A, then (4.1) follows immediately.

f m > A, then by the induction hypothesis

m

Z (03 =0y g ) e (03~ g g) (070 ) =

k=X

) + (w ) (w ) =

—W )...(wx—w

(o =wp) (=t g ) ee e {0y =0 o g A" %me1 mt2-1" Om g

(w,-w ),

A m+1)"'(wk_wm+2—1)(wk—wm+£

sroving (4.1) and the theorem. [J

'OROLLARY 4.2. In the notation of Theorem 4.1, SQ(N) = Z _4 Cuw




Corollary 4.2 shows that Theorem 3.1 can be applied to power sums,

with £ w So we shall investigate the angular variation of the

}.

k Yk+2°

179417927 W0 Oy N

2,k
sequences {w

LEMMA 4.3. Let a,b,c,d € € such that A(a-b,b-c,c-d) < w. Then

(4.2) A(a-c,b-c,b-d) 2 A(a-c,a-4d,b-d).

PROOF. If a = b, then (4.2) is trivial. If b = ¢, then by Lemma 2.1,
A(a-c,a-d,b-d) = A(a-b,a-d,b-d) = A(a-b,b-d) =< A(a-c,b-c,b-d)

by the triangle inequality, proving (4.2). If a = c, then A(a-b,b-c,c-d) =7
implies that A(b-c,c-d) = A(b-d,c-d) = 0, so (4.2) holds. If a = d, by

Lemma 2.1
m =2 A(a-b,b-c,c-d) = A(a-b,a-c,b-c,c-a),
so A(a-b,a-c) = 0. Hence
A(a-c,b-c,b-a) 2 A(a-c,b-a) = m™ = A(a-c,0,b-a),

if b # a and ¢ # a, proving (4.2). Since the lemma is not alterated by the
transformation T: (a,b,c,d) - (d,c,b,a), we may thus assume that a,b,c and
d are all different. ‘

If A(a-b,b-c,c-d) = A(a-b,c-d), then by repeated application of Lemma

A(a-b,c-d) = A(a-b,a-c,b-c,c-d) = A(a-b,a-c,c-d) =
= A(a-b,a-c,a-d,c-4d).
Likewise, A(a-b,c-d) = A(a-b,a-d,b-d,c-d), so
A(a-b,c-d) = A(a-b,a-c,a-d,b-d,c-d) = A(a-b,b-c,c-d) =
= A(a-b,a~-c,b-c,b-d,c-4d).

Hence A(a-c,a-d,b-d) = A(a-c,b-c,b-d), proving the lemma. So we may assume
that A(a-c,b-c,c-d) > A(a-b,c-d). Without loss of generality we may assume

that




A(b-c,c-d) 2 A(a-b,b-c); Arg(c-d) = 0; Arg(b-c) 2 O,

ince we can apply T, multiply by a nonzero constant and take conjugates

verywhere without altering the lemma. So, again applying Lemma 2.1,
0 < Arg(a-b) < Arg(a-c) =< Arg(b-c),
0 = Arg(c-d) < Arg(a-d) < Arg(a-c) < Arg(b-c).

If A(a-c,a-d,b-d) = A(a-c,b-d), then (4.2) immediately follows, so we
ay assume that Arg(b-d) > Arg(a-d). The points d, ¢, a and b then form a

sadrangle as in the figure.

ince A(b-d,c-d) + A(a-b,a-c) = A(a-b,b-c,c-d) < w, the point a is exterior
o or on the circle through b, ¢ and d. Hence A(a-c,a-d) =< A(b-c,b-d).

imilarly A(a-d,b-d) < A(a-c,b-c). This proves the lemma. a

HEOREM 4.4. Let wl,wz,...,wN be given complex numbers, and for k = 1,2,...
et Tk be the sequence Tk = {wl—wk+1,wl—mk+2,wz—wk+2,w2—wk+3,...
- - := 1 j > N. <m,
e r W 7O Oy wk+N}’ where wj 0 if j N. If A(Tl) m, then for
=1,2,...
< - - T
A(Tk+1) S A(TY) = Alwy =y 00y wk+2).

by omitting the first term
) =0

ROOF. Let S, be the sequence obtained from T

k
Since A(w

k

and adding a final term wN_wk+N+1'y N kN ON PN 1

f k 2 1, we have

A(Sk) = A(Tk) - A(w ).

1 %%+1"%1 %42




X 2~wk+2 in Sk into

for £ = 2,3,...,N. Since for % = 2,3,...,N-k, by repeated

is obtained from S, by changing each term w

+1

'k+2+1
‘ation of Lemma 2.1,

)

=l
v

-w, W -

> - -
A(T)) = Alwy =0 s0y=W Wy =Wy oree sl =00 gty

v
v

A(w ) = ...

9-170g 00 W T W3 Y TP k1

\Y

A(w )r

(VPP V]
Q7!

2-1 2 Yk Yk ek

‘e for 2 = 2,3,...,N-k by Lemma 4.3,

A(w )

-1 %k+2 00 "%k T k4041

).

> — -— -—
= AWy Wy oWy T 41 7Y g1

> N-k the same inequality trivially holds. So

< = - - -
ATy q) = A5 ) = AT ) - Alwg-wy 4rwy=0 o)y

g the theorem. [

ARY 4.5. If A(ml—w O PV ) 1) < mw, then for k =1,2,...,

2 N "N-

- — . < - - -
A(w1 Wy pq 10y Wy or e e 1 W wk+N) < A(w1 WorWo=Wayeee W wN+1).

The sequence S! = {w } is a subsequence

k 17 %4192 %27 N kaN
» by Theorem 4.4, if A(Tl) = m, then

A(Si)'s A(Tk) < A(Tl).
ma 2.2

A(T )y =

R T e R T e LR Vi i MR LN VPR

= - - - < .
A(w1 Wo rWo=Wayess Wy wN+1) T

yroves the corollary. [




.. THE MAIN THEOREM

'HEOREM 5.1. Let Cl""’CN and Wyree sy be given complex numbers, such

-

A(w r) = p < Lm,

170 W03 e Wy TWNr Wy

lefine

A= |w1—w21+~...+-|wN_1—le + IwNI;
B . |'A(C1,...,CN)-127T]
n = maX ’ lETT -0 ’

‘here [x] denotes the smallest integer m such that m 2 x. Then for

.=1,2,..., the power sums s(k) = Z§=1 ngt satisfy

' /n+t-k-1\/n+t -
sttty | < ) ( nk )(nk )An+t “lsao 1.
k=0 '

'ROOF'. Let u := k=1??%.,N lwk—wk+1[, where we define wN+1 := 0. Set
By Corollary 4.2, s(k) = sk(N) in the notation of Theore:

2,k %k %k+ss
l.1. By Corollary 4.5

A(f . £ ) < p,

L1 2,N

‘hus
n .
A(C,,...,C) <%4m+ ) {%r - A(f
1 N Pyl

NETRITEE epy

;0 we can apply Theorem 3.1. Since for & =1,2,...

M = max lw, —w | < 2,
+
L K=1,...,N k "k+2
7e have by Theorem 3.1
n n+t-k-1\/N+n+t-k-1\ nit-k
(5.1) Is(n+t) | < ) (n+t)...(k+1)( _ )( _ ) [s(k)|.
k=0 n-k \ ntt-k

This estimate can be improved by chodsing equidistant points

on the line segment between ws and w, in such a way

,17700% e (1) i+1

chat the total number M of points is very large and
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~ max {  max (la, -w,l,la, —a, yislw, -0, D)<
i=1,...,0 A=1,...,t(i) i,1 i i, A1 i, A i+1 i, t(i)

A(1l+e)
M

<

small € > 0. We now form for § > 0 the power sums

N t(i)
sgk) = ) ci(wf £ ) s df A).
i=1 A=1 L

A -0, oo . LW, = . . =
(wi Q1,1' ’al,t(l) w1+1) A(wl’ml+1) and A(Ci'ci+1)

_,6Ci,...,6ci,ci+1), we have by (5.1)

IA

Isa(k)l

s (nst) | n+t—k—1>. (n+t) ! /M+n+t—k—1><x(1+€)>n+t—k
8

§ (
Ko \ n-k k! \ n+t-k M

> let M > © and € ¥ 0, giving

0 /n+t-k-1\/n+t -
s (vt | kgo< e eI o,

IA

-ting § + O the theorem is proved. U
LACE TRANSFORMS

Let T be a Jordan arc in € of finite length running from a to b. Let
a complex measure on I', that is a combination u1+-iu2— u3-iu4 of four

ive measures on I'. We consider not identically vanishing functions of

>orm (1.1):

£(z) ='J e®%an(z).
T
udying the zeros of f, we may assume without loss of generality that

, since we can multiply f by e_bz without altering its zeros. Now let

P={a= XyrXgreoosX = b}

partition of .T' and, for k = 1,2,...,m-1, let Tk be the segment of T



unning from X to Xoire We set

M(P) = max [x - .
k=1,...,m-1 xk Xk 1
Je now construct the exponential polynomials
m-1
Fo(z) = kgl exp (x, z) (T, ) .

.EMMA 6.1. Let D ©€ € be bounded and let Pl’P2"'

:ions such that lim M(P,) = 0. Then
ks K

lim Fp (2) = £(2),
k> <k

miformly for z € D.

>ROOF. Observe that for a partition P = {xl,xz,.

m-1
lFP(z)— f(z)] = kzl f (exp(xkz)— exp

"

4
<

j=1 k=1,...,m-1 geFk

or z € D,
|eXP(XkZ)-'eXP(CZ)| >0

miformly if maxlxk—cl > 0. 0O

We consider curves I' with the property that

p(T) := sup{A(x
P

oo X

[ R M T m-1""m

the supremum being taken over all partitions P =

>f T'. We define

V(T',u) = sup A(u(Fl,---,u(Pm))
P

uj(F) . max max |exp(:

sequence of

u(g) | =
exp(cz) .
and

L

KyrXpreeorX
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and set
(6.1) n [_35;:757T3—— .

Write A = M (T) = s%p(lxl—x21+...+lxm_1

P = {Xl""’xm} of I'. This is the length of I'. By Theorem 5.

—xml), taken over all

X =Db =0 and since for & = 0,1,...,
- :
m-1
(%) _ L
Fp ' (0) = kZ1 Wr )%,

we now have

0 /n+t-2-1\/n+t
(6.2) F S 0)1 < ) ( o, )( > R (0 1.
2=0

Nriting f(z) = z kzk, and observing that, by Lemma 6.1, /k!

k=0
is approximated by Fék)(O)/k!, we find from (6.2) for t = 1,
m

n Xn+t~2
6.3) S ZO E O D@D %l
ence
o) o] n n-2
t (Ax)
Yoo IR™T < (r/p)® Y RO /e e
g=1 £=1 p=o (M7H):
< (R/r)n(e)\R—l)ekr max |f(z)].
lzl=r
Moreover,
& 2 n ’ n
L 1o, IR < (R/D)" (1+(x/R)+. .+ (x/R)T) max  (
2=0 ' 2=0,...,n
< (R/r)"+(R/R-r))+ max |£(z)].
|z]<r
ience,
(6.4) max |£(z)] < (R/r)neAR max{eAR,R/(R—r)} max | £ O

|z| <R z<r




The following lemma is more or less standard.

EMMA 6.2. Let r, R and T be real numbers satisfying R > x > 0; R2 T > 0.
f £ # 0 is analytic in a neighbourhood of the disk |z| < R, then the number
T(f) of zeros of f in the disk {z € €; |z| < T}, counted according to mul-

iplicity, satisfies

2
R -xT
N (f)log(——————) < log{ max If(z)l// max |f(z)l}.
T R(T+r) |z|<r |z |<r

ROOF. See WALDSCHMIDT [4]1, page 6.4, Lemma 6.2.1. [

For other versions of Lemma 6.2, compare TIJDEMAN [1], Lemma 1 and
'OORHOEVE [2], Lemma 4.4. We can now prove our final theorem on the zeros

f the Laplace transform (1.1):

'HEOREM 6.3. For functions £ Z 0 defined by (1.1) we have
6.5) NT(f) < 3n+ 4T,

'here n is defined by (6.1) and A is the length of T.

ROOF. Apply Lemma 6.2 with R = 4T and r = T/10. Inserting (6.4), we obtain
NT(f)log(159/44) < nlog 40 + 4AT + max{AT/10,log(40/39)}.

his yields (6.5) if n > 0 or if AT > 1/5. If n = 0 and AT < 1/5, observe
hat N_(f) < 4/5+ log(40/39) < 1, so N.(f) = 0, proving (6.5) completely. O

We can use Theorem 6.3 to estimate the number of zeros of £ in a disk

ith centre ¢ # 0, either directly by estimating N I(f), or indirectly

T+|c
'y observing that

g(z) = f(z+c) = J ecsz(C),
r
here ; is defined by E(Y) = IY ecgdu(c) for a measurable y < T. So

6.6) NT(E) < 30+ 4AT,
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_ [V(P,E) - %w]

n
Lt-p

in estimate V(F,;) by
V(T,p) < v(T,n) + leli,

in + [lclk/(%ﬂ—p)]. This rough estimate for ;, inserted in (6.4),
10t give an essentially better result than the direct approach. In

rases, though, one can give better estimates for n.
1ARKS

I' is a straight line segment (i.e. p(I') = 0, then a more direct ap-
>ach in estimating the zeros of f is possible; see VOORHOEVE [3]. Also
V(I',u) < m, it is easy to show that £(0) # 0 and it is not hard to

7e estimates of the form lf(t)(O)l <ut)|fO)| for £t =1,2,... .

is clear that the dependency on T and A in the estimate (6.5) is
jht - that is, up to a constant factor. For instance we can take
£F(z) = 1+ % = J e"au(z),
r
2xe a = A, b =0 and p = 0 except for two point masses at a and b.
an NT(f) ~ AT/(2m). However, it may be possible to improve the con-

int n and the condition that p(T) < Lw.

this method, one cannot derive an analogue of Theorem 6.3 for all
-ves I' with p(I') > 7, because such curves can be closed. For closed
cves ', we can derive counterexamples to such a theorem, using

ichy's theorem

£(z) = J ePau(r) = J e"%a(u(z) + cuy (),
T T '
are uo is the Lebesgue measure. By letting C - =, the V(F,ui—Cuo)
>roximate V(T,uo). So this would imply that there is an absolute



upper bound for NT(f), independent of u. By a suitable choice of yu,
however, f£(z) can have zeros of arbitrary multiplicity. This is a con

diction.
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